Spectral theory from the second-order q-difference operator Δ q is developed. We give an integral representation of its inverse, and the resolvent operator is obtained. As application, we give an analogue of the Poincare inequality. We introduce the Zeta function for the operator Δ q and we formulate some of its properties. In the end, we obtain the spectral measure.
Basic definitions
Consider 0 < q < 1. In what follows, the standard conventional notations from [1] will be used
[n] q = 1 − q n 1 − q .
(1.1)
The q-schift operator is
Next, we introduce two concepts of q-analysis: the q-derivative and the q-integral. The q-derivative (see [2] ) of a function f is defined by 3) and the second-order q-difference operator is
The product rule for the q-derivative is
(1.5)
Jackson's q-integral (see [3] ) in the interval [a,b] is defined by The Hahn-Exton q-Bessel function of order α > −1 (see [4] [5] [6] ) is defined by
α (x, q) = q α+1 , q ∞ (q, q) ∞ x α 1 φ 1 0, q α+1 , q; qx 2 .
(1.8)
The q-trigonometric functions (see [7] ) are defined on C by
(1.9)
Both functions cos(x, q 2 ) and sin(x, q 2 ) are analytic. In [7] , it is proved that
(1.10) Lazhar Dhaouadi 3 Let ᏸ q,2 be the space of all real-valued functions defined on
Then, ᏸ q,2 is a separable Hilbert space with the inner product
In the following, we denote by Ᏸ the subspace of ᏸ q,2 defined by
(1.14)
Eigenfunctions of
has an infinite sequence of nonzero real eigenvalues
where 0 < λ 1 < λ 2 <··· are the positive zeros of the following function:
The corresponding set of eigenfunctions is
Proof. For f ,g ∈ Ᏸ, using the q-integration by parts we write
In particular, we can write
Let σ p be the sequence of eigenvalues of (Δ q ,Ᏸ). Then
Let f ∈ Ᏸ be a function satisfying the q-differential equation
Using (1.4), we write
Therefore the set of solution of (2.8) is a vector space over R of dimension 2. From (1.10), it follows that f can be written in the form
and sin( √ qλ, q 2 ) = 0. In [5] , it is proved that The HahnExton q-Bessel function of order α > −1 has a countably infinite number of positive simple zeros. This finishes the proof.
The inverse of Δ q in the space
We introduce the operator
defined by
where
Theorem 3.1. The operator u k is the inverse of Δ q in the space Ᏸ.
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Proof. For f ∈ ᏸ q,2 , we write
On the other hand, using (1.5) we write
which shows that
We conclude that
Similarly, we can prove that
and we obtain
(3.13)
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which implies
Now we will prove that
This finishes the proof. 
and they form an orthogonal basis of ᏸ q,2 .
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Resolvent operator and Green kernel
We introduce the q-hyperbolic sine and the q-hyperbolic cosine function as follows:
For z ∈ C/{σ p }, we have the following result.
Theorem 4.1. The q-Sturm-Liouville problem
has a unique solution in the form
where G q,z is the Green kernel defined by
and U 1 and U 2 are defined by
Proof. We will solve this q-problem using the q-analogue of the method of variation of constants. We write U in the following form:
Note that U 1 and U 2 form a fundamental solution set of the q-difference equation
Using (1.5), we write
From the first condition
we get
(x). (4.10) 8 International Journal of Mathematics and Mathematical Sciences
Therefore
From the second condition
we obtain
(4.13)
Conditions (4.9) and (4.12) form a linear system
(4.14)
The solution of this system is
is the q-Wronskian of the q-Sturm-Liouville problem. Now since
using (1.5), and the fact that U 1 and U 2 are fundamental solution of the q-difference
, we obtain Finally, for x ∈ R + q we get
Therefore the functions V 1 and V 2 satisfy
which gives Using the fact that
This completes the proof.
Poincare inequality
Here, we give a q-analogue of the Poincare inequality.
Proof. For f ∈ Ᏸ, we write
Using that
From the inequality 8) we conclude that
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As an application, consider the function
After simple calculations, we obtain is analytic in the region {s ∈ C, (s) > 0}.
Proof. In [8] , it is proved that if 
α (x, q) satisfy
we have 
(6.9)
In [7] , it is proved that sin
Thus, when q → 1 − , we obtain the well-known identities for the Euler Zeta function
Spectral resolution
We can now find the spectral measure of Δ q from the resolvent, see the Stieltjes-Perron inversion formula [9] .
Theorem 7.1. Let η n = −λ 2 n be a point from the spectrum of Δ q . If
then the spectral measure E of {η n } is given by
Proof. In order to calculate E{η n }, we choose the interval (a,b) so that it contains only η n = −λ 2 n as a point from the spectrum. Then
Now observe that
If z = η n , then sinh( √ qz, q 2 ) = 0, which implies that the fundamental solutions U 1 and U 2 of the q-difference equation
are proportional as follows: where a = 0 is a real zero of J
α (x, q 2 ). This formula can be employed to evaluate k n by another method.
